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Abstract

We present algorithms for computing the weights implicitly assigned to observations when
estimating unobserved components, by &ltering or smoothing, using a model in state space form.
The algorithms are based on recursions derived from the Kalman &lter and associated smoother.
Since the method applies to any model with a linear state space form, it is not restricted to
time-invariant systems and it can be used in a number of situations where other methods break
down. Applications include the comparison of signal extraction weights with those used by
nonparametric procedures and the computation of weights assigned to observations in making
forecasts. ? 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Unobserved component (UC) time series models are used for prediction and sig-
nal extraction. For models in state space form these operations are carried out by the
Kalman &lter and the associated smoother as described in, amongst others, Anderson
and Moore (1979), Harvey (1989), Kitagawa and Gersch (1996), Shumway and Sto<er
(2000) and Durbin and Koopman (2001). In doing so, weights are implicitly assigned
to the various observations in making predictions and forming smoothed estimates of
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the components at di<erent points in time. The reason for wishing to compute these
weights is that an examination of their patterns can be very informative. It helps the
user to understand what a model actually does, and it enables comparisons to be made
with other methods.
For time-invariant UC models, the Wiener–Kolmogorov approach provides general

expressions, in terms of autocovariance generating functions, which can be used as
the basis for &nding &ltering and smoothing weights. These expressions can be solved
analytically in certain cases to give explicit formulae for the weights; see, for example,
Whittle (1983, p. 69) and Harvey and Koopman (2000). More generally, procedures
such as those developed by Cleveland and Tiao (1976) and Burman (1980) can be
used to compute numerical values.
When signal extraction is carried out by a method which does not use weights

directly, their implicit numerical values can often be computed simply by running the
algorithm on a set of arti&cially constructed observations all of which are zero except
for the one at the point of interest which is unity. We call this device the zero–one
method. Unfortunately, it does not generally work when systems are time-varying, nor
does it give accurate results for time-invariant models with correlated components when
interest centres on the weights near the beginning or end of the sample. These points
are elaborated upon in Section 2 of the paper.
The principal aim of this article is to present algorithms for computing the exact

weights for smoothed and &ltered estimators at any point in the sample. These algo-
rithms consist of recursions derived from the Kalman &lter and its associated smoother
and so they apply to any model with a linear state space form. Unlike the algorithms de-
rived from the Wiener–Kolmogorov approach, they are not restricted to time-invariant
systems. Multivariate series may be handled straightforwardly and so the inFuence
of any variable on the estimator of any linear combination of the state vector may
be determined. The generality of the state space form means that the algorithm can
deal with situations such as those involving heteroscedasticity and irregularly spaced
observations.
The Kalman &lter and its associated smoother give minimum mean square linear

estimators (MMSLEs) of elements, or linear combinations, of the state vector at all
points in time. The way in which they work is reviewed in Section 3. Section 4, which
is the heart of the paper, presents the algorithms for computing the weights implicitly
used by these &ltering and smoothing operations.
Examples are presented in Section 5. The &rst concerns the basic random walk plus

noise model and the graphs show the kind of patterns which are obtained when ob-
servations are missing. The weights may similarly be found for more complex UC
models. One reason for doing this is that when nonparametric regressions are used to
estimate trends, it is interesting to compare the weighting patterns of their associated
kernels, or moving averages, with the weighting patterns implied by various UC mod-
els. The second example takes this point further by noting that the state space form
allows a UC model formulated in continuous time to handle irregularly spaced obser-
vations. This enables the stochastic trend in a UC time series model to capture the
relationship between two cross-sectional variables. Our algorithm allows the weights
to be determined.
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A somewhat di<erent application of the weighting algorithm stems from the fact
that the predictive &ltering weights can be interpreted as the coeJcients of an (vector)
autoregressive (VAR) representation of a model. The &nal example illustrates how the
algorithm gives autoregressive weights for the two variables in a bivariate random walk
plus noise model. It then shows how the procedure may be extended to yield the vector
error-correction model (VECM) representation of a UC model with common stochastic
trends.
The algorithms were written using the software package SsfPack. Details of imple-

mentation and example programs are given in the appendix.

2. The zero--one method

This section discusses the idea behind the zero–one method for computing signal
extraction weights and analyses the conditions under which it can be correctly applied.
Suppose we have a procedure for computing a series of signals, mt|T ; t = 1; : : : ; T ,

each one being based on the full set of observations, yt; t = 1; : : : ; T . Assuming the
procedure to be linear, we can write

mt|T =
T∑

j=1

wj(mt|T )yj; t = 1; : : : ; T; (1)

where wj(mt|T ) is the weight assigned to the jth observation in forming mt|T . It is
sometimes suggested that the weights can be obtained by running the algorithm on an
arti&cial series consisting entirely of zeroes except for the one in the tth position; for,
example, see HMardle (1990, p. 59). This is the zero–one method. To determine the
conditions under which it is valid, we write expression (1) in matrix form as

m=Wy; (2)

where m = (m1|T ; : : : ; mT |T )′ and y = (y1; : : : ; yT )′. The zero–one method amounts to
replacing the T×1 vector y by a T×1 selection vector ‘t , where ‘t is the tth column of
the identity matrix IT . However, if we postmultiply W by ‘t we obtain the tth column of
W whereas what we want is its tth row. This will, of course, yield the required weights
if W is symmetric. In other words there is a symmetry in the weighting patterns,
characterised by the fact that wT−t+1−i(mT−t+1|T ) = wt+i(mt|T ); i =−t + 1; : : : ; T − t.
When a time invariant model consists of two components driven by mutually un-

correlated disturbances, the smoothing algorithm is such that W is symmetric. If the
components are correlated, W is not symmetric but it has a band structure which en-
ables the zero–one method to produce reasonably accurate weights for points which are
not near the beginning or end of a moderately large sample. The weights are actually
produced in reverse order.
For models which are not time invariant, the zero–one method does not usually

work. Of course, the correct weights, corresponding to all the elements of a speci&c
row of W , could be obtained by running the procedure T times with a one in a di<erent
position on each occasion. However, to do this would mean computations of O(T 2).
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3. Kalman �lter and �xed-interval smoothing

The linear state space model is given by

yt = Zt�t + Gt�t ; �t ∼ WN(0; I); t = 1; : : : ; T;

�t+1 = Tt�t + Ht�t ; �1 ∼ WN(a; P); (3)

where yt is the N × 1 vector of observations, �t is the p × 1 state vector and �t is
the q × 1 vector of white noise (WN), that is serially uncorrelated, disturbances. The
equation for yt is called the measurement equation and the equation for �t+1 is the
transition equation. The standardised disturbance vector �t appears in both equations but
the disturbances in the two equations are mutually uncorrelated if HtG′

t =0. The initial
state vector is to have mean a and variance matrix P. The system matrices Zt; Gt; Tt
and Ht , with appropriate dimensions, are nonstochastic in repeated realisations. The
state space model (3) is time-invariant when the system matrices are constant over
time t, that is Zt = Z; Tt = T; Gt = G and Ht = H , for t = 1; : : : ; T .
A predictive &ltered estimator is an estimator of (a function of) the state vector

at time t + 1 based on observations up to and including time t. The Kalman &lter
computes the predictive &ltered estimator at+1|t , the MMSLE of the state vector �t+1

conditional on the observations Yt = {y1; : : : ; yt}, together with its MSE matrix, that is
the covariance matrix of the estimation error, Pt+1|t . The Kalman &lter is given by

vt=yt−Ztat|t−1; Ft=ZtPt|t−1Z
′
t +GtG′

t ; Mt=TtPt|t−1Z
′
t +HtG′

t ; (4)

at+1|t = Ttat|t−1 + Ktvt ; Pt+1|t = TtPt|t−1T
′
t + HtH ′

t − KtM ′
t ;

for t=1; : : : ; T; with Kalman gain matrix Kt = MtF−1
t and initialisation a1|0 = a and

P1|0 =P. The one-step ahead prediction error is vt with covariance matrix Var(vt)=Ft .
The &ltered estimator at|t , the MMSLE of the state vector �t conditional on Yt , and its
MSE matrix Pt|t can be computed by

at|t=at|t−1 +Pt|t−1Z
′
t F

−1
t vt ; Pt|t=Pt|t−1−Pt|t−1Z

′
t F

−1
t ZtPt|t−1; (5)

with t=1; : : : ; T . For a time-invariant state space model, the Kalman recursion for Pt+1

may converge to a constant matrix NP for a suJciently large t. This so-called steady
state is the solution to

NP = T NPT ′ + HH ′ − NK NM
′
;

where NM = T NPZ ′ + HG′; NF = Z NPZ ′ + GG′ and NK = NM NF
−1

.
Smoothed estimators of the state vector, or estimators of �t based on all observations

YT , are computed by &rst running the Kalman &lter and, subsequently, running the
backwards recursion

rt−1 = Z ′
t F

−1
t vt + L′trt ; Nt−1 = Z ′

t F
−1
t Zt + L′tNtLt ; t = T; : : : ; 1; (6)

where Lt=Tt−KtZt and with initialisation rT =0 and NT =0. The Kalman &lter output
of vt ; F−1

t and Kt must be stored for t=1; : : : ; T . The smoothed state vector at|T with
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MSE matrix Pt|T is then computed by

at|T = at|t−1 + Pt|t−1rt−1; Pt|T = Pt|t−1 − Pt|t−1Nt−1Pt|t−1; t = T; : : : ; 1: (7)

Additional memory is required to store at|t−1 and Pt|t−1 for t = 1; : : : ; T .

4. Computation of the observation weights

In this section, we present general methods for computing the weights implicitly as-
signed to observations when estimating (linear combinations of) elements of the state
vector. The elements of the state typically correspond to trends, seasonals, cycles and
other components of interest. An algorithm for computing the weights used to form the
&ltered estimator at|t−1 is presented together with a minor modi&cation for computing
the weights of the contemporaneous &ltered estimator at|t . Further, we present a pro-
cedure for computing vectors of weights to form the smoothed state vector at|T . The
algorithm for computing weights for smoothed estimators, that is linear combinations
of atT , has the same objective as the zero–one method of Section 2.
The methods of computing weights are related to leverage algorithms noted in Kohn

and Ansley (1989) and de Jong (1989). However, the motivation of their papers is
di<erent and there is no mention of the fact that the algorithm can be used as a basis
for extracting weights. The derivations of the weighting algorithms are presented in
Appendix A. The algorithms are easy to implement and have been included in the
latest update of SsfPack (see Koopman et al. (1999); examples of computer code are
given in Appendix B to illustrate how the weights can be obtained in practice.

4.1. Computing weights for .ltering

The &ltered estimator of the state vector, that is the estimator of �t based on infor-
mation available at time t − 1, can be written as

at|t−1 =
t−1∑
j=1

wj(at|t−1)yj: (8)

After the Kalman &lter has been applied up to time t − 1 and the matrices Kj stored
for j = 1; : : : ; t − 1, the weight vectors can be computed by the backward recursion

wj(at|t−1) = Bt;jKj; Bt; j−1 = Bt;jTj − wj(at|t−1)Zj; j = t − 1; t − 2; : : : ; 1; (9)

with Bt; t−1 = I . When observations are univariate, wj(at|t−1) is a p× 1 vector.
The weights for Atat|t−1, where At is a known matrix, are given by Atwj(at|t−1) but

can be computed directly by the backwards recursion

wj(Atat|t−1) = bt; jKj; bt; j−1 = bt; jTj − wj(Atat|t−1)Zj;

j = t − 1; t − 2; : : : ; 1; (10)

with bt; t−1 = At . Note that bt; j = AtBt; j.
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For the special case At = Zt , we obtain the weights for ŷt|t−1 = Ztat|t−1, that is

ŷt|t−1 =
t−1∑
j=1

wj(ŷt|t−1)yj: (11)

Since yt = ŷt|t−1 + vt , the weights from (11) give the (vector) autoregressive (VAR)
representation for a time-invariant model when the &lter is in a steady state. In more
familiar notation,

yt =
∞∑
k=1

"kyt−k + vt ; Var(vt) = NF; (12)

where "k = wt−k(ŷt|t−1). The lag length will usually be in&nite for a UC model, but
the weights will tend to die away as k increases.
It is shown in Appendix A that the weight matrix for at|t is given by wt(at|t) =

Pt|t−1Z ′
t F

−1
t while the weights wj(at|t) for j=t−1; t−2; : : : ; 1 are the same as wj(at|t−1)

but premultiplied by the matrix I−Pt|t−1Z ′
t F

−1
t Zt . These weights can be computed using

the backwards recursion

wj(at|t) = Bt;jKj; Bt; j−1 = Bt;jTj − wj(at|t)Zj; j = t − 1; t − 2; : : : ; 1;

with the initialisation Bt; t−1 = I − Pt|t−1Z ′
t F

−1
t Zt . This recursion is, apart from the

initialisation, the same as (9).

4.2. Computing weights for smoothing

The smoothed state vector, at|T , can be represented as a weighted sum of all obser-
vations, that is

at|T =
T∑

j=1

wj(at|T )yj: (13)

The weight matrices wj(at|T ) are computed after the Kalman &lter has been applied for
t =1; : : : ; T and the smoothing recursion (6) has been applied backwards up to time t.
The Kalman &lter stores Kj, for j=1; : : : ; T , and the smoother stores the p×N matrix

Cj = Z ′
jDj − T ′

j NjKj; (14)

where Dj=F−1
j +K ′

jNjKj, for j=T; T −1; : : : ; t. The weight matrices wj(at|T ) are then
calculated in the two opposite directions: (i) backwards in time (j = t − 1; : : : ; 1); (ii)
forwards in time (j = t; t + 1; : : : ; T ).
The weights wj(at|T ) for j¡ t are given by wj(at|T ) = (I − Pt|t−1Nt−1)wj(at|t−1)

and they can be computed by the backwards recursion (9) with initialisation Bt; t−1 =
I −Pt|t−1Nt−1. The weights wj(at|T ) for j¿ t are computed by the forwards recursion

wj(at|T ) = B∗
t; jCj; B∗

t; j+1 = B∗
t; jL

′
j; j = t; t + 1; : : : ; T; (15)

with B∗
t; t = Pt|t−1.
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Fig. 1. Weight patterns for local level model with missing observations t = 4; 9; 13; 16. (i)–(iii) &ltered
weights associated with &3; &11 and &17; (iv)–(vi) smoothing weights associated with &3; &11 and &17.

5. Illustrations

The examples in this section illustrate some of the reasons for looking at weights
and demonstrate the viability of the state space weighting algorithms.

5.1. Small samples and missing observations

Consider the local level model

yt = &t + �t ; &t+1 = &t + 't ; t = 1; : : : ; T; (16)

where the disturbances �t and 't are mutually uncorrelated white noise processes with
variances (2

� and (2
', respectively. To illustrate that weight patterns vary at di<erent

time points in the time series, we present the weights in Fig. 1 for &ltered and smoothed
estimates of &t at time points t=3; t=11 and t=17 for model (16) with (2

� =1 and
(2
' = 0:6 and for T = 19. The observations at t = 4; 9; 13; 16 are treated as missing.
The weights sum to one just as when there are no observations missing. It can be

shown that the zero–one method also works if the value obtained for the weight asso-
ciated with a missing observation is replaced by a zero. Harvey and Koopman (2000)
present graphs of some of the asymmetric weighting patterns obtained for smoothed es-
timators when �t and 't are correlated with each other in model (16). In such cases the
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Fig. 2. Motorcycle acceleration data modelled by a cubic spline. (i) observations against time with spline
and 95% con&dence intervals and (ii) the weights for the spline at time )105 = 35:6 against time distance
)105 − )j .

zero–one method fails to give accurate weights except near the middle of a reasonably
large sample.

5.2. Irregularly spaced observations

Fig. 2(i) shows 133 observations of acceleration against time (measured in millisec-
onds) for a simulated motorcycle accident; see Silverman (1985). The observations
are a cross section rather than a time series; they are not equally spaced on the time
axis and at certain time points multiple observations are recorded. These data are often
used as an illustration for nonparametric regression using cubic splines. The connec-
tion between cubic splines and the state space framework has been known for many
years; see Wecker and Ansley (1983). Given the data set y1; : : : ; yT for which the tth
observation is recorded at time )t , the time series model for a cubic spline is

yt = &t + �t ; �t ∼ WN(0; (2
� );

&t+1 = &t + *t + 't ; 't ∼ WN(0; (2
');

*t+1 = *t + +t ; +t ∼ WN(0; (2
+) (17)

with

�t ∼ WN(0; (2
� ); 't ∼ WN(0; (2

+,
3
t =3); +t ∼ WN(0; (2

+,t); E('t+t) = (2
+,

2
t =2;
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�t is uncorrelated with both 't and +t and ,t = )t+1 − )t . The weighting pattern for
the estimated signal &t can be interpreted as the equivalent kernel function and can be
compared with kernel functions used in nonparametric regression.
The smoothing parameter, q+=(2

+ =(
2
� , can be estimated by maximum likelihood using

the Kalman &lter and is given by q̂+ = 0:0275. The state space smoothing algorithm is
used to compute the estimates of &)t but it also computes the root mean square error
(RMSE) of these estimates. The cubic spline (solid line) together with error bounds
(dotted lines), which are based on the RMSEs, are given in Fig. 2(i).
Fig. 2(ii) shows the weights assigned to observations at adjacent time points for

computing &̃)t , with )t = 35:6 corresponding to the 105th observation. The gaps are
caused by time periods for which no observations are recorded. The weighting pattern
in Fig. 2(ii) is not symmetric. This is in contrast to the nonparametric approach where
the weighting pattern is symmetric in that observations which are at the same ‘distance’
from the time point )t receive the same weight; see, for example, Green and Silverman
(1994). The reason the patterns of optimal weights obtained from the model is di<erent
is that the number of data points observed around a particular observation is taken into
account; if this number is large, the observation receives less weight.

5.3. Multivariate models and the VECM

The multivariate local level model can be written in state space form

yt = &t + �t ; �t ∼ WN(0; .�); t = 1; : : : ; T;

&t+1 = &t + 't ; 't ∼ WN(0; .'); (18)

where WN now denotes multivariate white noise. If the rank of the covariance matrix
.' is K ¡N , an appropriate ordering of the series enables the model to be written in
the common trends (or levels) form

y1t = &†
t + �1t ;

y2t =/&†
t + N& + �2t ; (19)

where y1t is a K × 1 vector, y2t is an r × 1 vector with r = N − K; / is an r × K
matrix of coeJcients and the K × 1 vector &†

t follows a multivariate random walk

&†
t = &†

t−1 + '†t ; '†t ∼ WN(0; .†
'); (20)

where '†t is a K×1 vector and .†
' is a K×K positive de&nite matrix. The r×1 vector

N& is deterministic. In terms of (18), .' =/†.†
'/†′, where /† = (I; /′)′.

In the bivariate model, we can write

.' =

(
(2
1' 0'(1'(2'

0'(1'(2' (2
2'

)
; (21)

where 0' is the correlation. If 0' =±1, there is a single common trend and so

y1t = &1t + �1t = &†
t + �1t ; t = 1; : : : ; T;

y2t = &2t + �2t = 1&†
t + N& + �2t ; (22)
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where 1 = sgn(0')(2'=(1'. Some insight into weighting patterns can be achieved by
transforming this model to

(y1t + y2t =1)=2 = &†
t + N&=21+ (�1t + �2t =1)=2;

−1y1t + y2t = N& + (−1�1t + �2t):

The Jacobian of the transformation is unity. The second equation does not contain the
common trend while in the &rst equation N& can be absorbed into the initial conditions
for the trend. If we make the assumption that Var(�2t)=Var(�1t) = 12 = (2

2'=(
2
1' the

irregular disturbances in the two transformed equations are uncorrelated with each
other whatever the correlation, 0�, between the original irregulars and so the weights
for estimating the stochastic trend in the &rst equation will be as for a univariate local
level with signal–noise ratio, q, equal to (1 + 0�)=2 times the signal–noise ratio in the
&rst untransformed equation. If N& is known, this is the pattern which applies to &†

t ,
and hence to &1t , and so, unless 0� = 1, the weights associated with (y1t + y2t =1)=2
will show a more rapid exponential decline than the weights for y1t in the univariate
model. The weights on y1t sum to one-half while those on y2t sum to 1=21. If N& is not
known, its estimator is obtained from the second transformed equation as Ny 2−1 Ny 1. The
weights for the estimator of N&=21 need to be subtracted from the weighting pattern for
&1t obtained when N& is known. This term contributes 1=2T to each observation in the
&rst series and −1=2T1 to each observation in the second series. Thus, for extracting
&1t , the weights on the &rst series now sum to one while those on the second sum to
zero. The converse is true for &2t .

We now consider three di<erent speci&cations, (a), (b) and (c). In all cases .� = I2
while

.(a)
' =

(
0:2 0

0 0:2

)
; .(b)

' =

(
0:2 −0:2

−0:2 0:3

)
; .(c)

' =

(
0:2 0:2

0:2 0:2

)
:

Fig. 3 presents the weighting patterns used to construct smoothed estimators of the
level in the &rst series in terms of its own values and those of the related series. The
sample size is 100. The results for .(a)

' are in panels (i) and (ii), while for .(b)
' is in

panels (iii) and (iv). Because the level disturbances in (b) are negatively correlated,
the weights from the second series are negative. Case (c) has a common level as
matrix .(c)

' is of rank one; 1 is equal to one. Weights when N& in (22) is known are
shown in panels (v) and (vi). The analysis of the previous paragraph is con&rmed in
that the weights on the target series decline faster than in the corresponding univariate
model—these weights are as in panel (i). Panels (vii) and (viii) show that when N& is
estimated, 1=2T is added to the weights for the &rst series while the same quantity is
subtracted from the weights for the second series.
The presence of common trends as in case (c) implies cointegration. In the local

level model (19), there exist r=N −K cointegrating vectors. Let A be an r×N matrix
partitioned as A= (A1; A2). Then pre-multiplying (19) by A gives

Ayt = A1y1t + A2y2t = (A1 + A2/)&†
t + A2 N& + A1�1t + A2�2t ; t = 1; : : : ; T: (23)

The r series in Ayt are stationary, and hence A consists of cointegrating vectors, if
A1 + A2/ = 0.
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Fig. 3. Weighting patterns for estimated level of &rst (target) series. Multivariate local level model with
Var(�t) = I2 and T = 100: (i) and (ii) weights for y1t and y2t in case (a), (iii) and (iv) weights for y1t
and y2t in case (b), (v) and (vi) weights for y1t and y2t in case (c) with known constant, (vii) and (viii)
weights for y1t and y2t in case (c) with unknown constant.

Cointegrated systems can be handled by VECM and it is interesting to compute the
coeJcients in the VECM representation of the common trends model. The VECM can
be written as

Uyt = ,+ "∗yt−1 +
∞∑
j=1

"∗
jUyt−j + vt ; (24)

where the relationship between the N × N parameter matrices and those in the VAR
model of (12) is

"∗ =
∞∑
k=1

"k − I; "∗
j =−

∞∑
k=j+1

"k; j = 1; 2; : : : : (25)

The rank of "∗ is r. It is normally expressed as "∗=2A, where A is the r×N matrix
of cointegrating vectors and 2 is an N × r matrix of coeJcients.
If we were to have a homogeneous model, (18) with .' = q.�, then

there is no cointegration, so "∗ = 0, and the model is just a VAR in &rst
di<erences. The parameter matrices are "∗

j = −(−3)jI; j = 1; 2; : : : with
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3 = {−q − 2 +
√

q2 + 4q}=2. If q is small, 3 is close to −1 and there is a slow
decline in the "∗

j ’s.
Given a common trends model, (19), the predictive &ltering algorithm is used to

compute the coeJcient matrices in the corresponding VAR. The vector N& is set to
zero. The VECM matrices, "∗ and the "∗

j ’s, are then obtained from (25). As is well
known, the matrix A is not unique for r ¿ 1 but it can be set to (−/; I). The 2 matrix
is then computed so as to satisfy "∗ = 2A, while ,=−"∗(0; N&′)′. If .' is dominated
by .�, a slow decline in the "∗

j ’s can be expected. This has implications for using
a VECM to model a system for which a common trends model is appropriate. The
Ox program vecm.ox in Appendix B can be used to compute the VAR and VECM
coeJcients.
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Appendix A. Derivations

A.1. Computing weights for .ltering

The Kalman recursion for at+1|t can be reformulated as

at+1|t = Ltat|t−1 + Ktyt ;

where Lt = Tt − KtZt . By simple substitution, it follows that

at|t−1 =Kt−1yt−1 + Lt−1Kt−2yt−2 + Lt−1Lt−2Kt−3yt−3

+Lt−1Lt−2Lt−3Kt−4yt−4 + · · ·+ Lt−1 : : : L2K1y1

=
t−1∑
j=1

Bt;jKjyj;

where

Bt; t−1 = I; Bt; j = Lt−1Lt−2 : : : Lj+1; j = 1; : : : ; t − 2: (A.1)

Thus the weight vectors in (8) are given by wj(at|t−1)=Bt;jKj: They can be computed
eJciently by the backwards recursion (9) since it follows from (A.1) that

Bt;j−1 = Bt;jLj; j = t − 1; t − 2; : : : ; 1:

Minor manipulation, using the de&nition Lj = Tj − KjZj, gives (9).
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The estimator of the state vector at time t conditional on Yt is given by

at|t = at|t−1 + Pt|t−1Z
′
t F

−1
t vt

= (I − Pt|t−1Z
′
t F

−1
t Zt)at|t−1 + Pt|t−1Z

′
t F

−1
t yt :

The weights for contemporaneous &ltering are closely related to the weights for pre-
dictive &ltering, wj(at|t−1), since we have

wt(at|t) = Pt|t−1Z
′
t F

−1
t ;

wj(at|t) = (I − Pt|t−1Z
′
t F

−1
t Zt)wj(at|t−1); j = t − 1; t − 2; : : : ; 1:

Therefore, recursion (9) can be used with xt = at|t and Bt; t−1 = I − Pt|t−1Z ′
t F

−1
t Zt .

The weights for the &ltered estimator ŷt|t are given by wj(ŷt|t) = Ztwj(at|t), for
j = t; t − 1; : : : ; 1. Since

ZtPt|t−1Z
′
t F

−1
t = I − GtG′

t F
−1
t ; Zt(I − Pt|t−1Z

′
t F

−1
t Zt) = GtG′

t F
−1
t Zt :

A.2. Computing weights for smoothing

Here we develop (1) the weights for rt−1 and (2) the weights for at|T .
Step 1: De&ne

ut = ZtF−1
t vt ; Ut = ZtF−1

t Z ′
t :

It follows that Ut =Var(ut) and, since vt = yt − Ztat|t−1,

wt(ut) = ZtF−1
t − Utwt(at|t−1); wj(ut) =−Utwj(at|t−1); (A.2)

for j = t − 1; : : : ; 1. We can rewrite the smoothing recursions (6) as

rt−1 = ut + L′trt

= ut + L′tut+1 + L′tL
′
t+1ut+2 + · · ·+ L′t : : : L

′
n−1un

= ut + B′
t+1; t−1ut+1 + B′

t+2; t−1ut+2 + · · ·+ B′
n; t−1un; (A.3)

Nt−1 =Ut + L′tNtLt

=Ut + L′tUt+1Lt + L′tL
′
t+1Ut+2Lt+1Lt+2 + · · ·+ L′t : : : L

′
T−1UTLT−1 : : : Lt

=Ut + B′
t+1; t−1Ut+1Bt+1; t−1 + B′

t+2; t−1Ut+2Bt+2; t−1

+ · · ·+ B′
T; t−1UTBT; t−1; (A.4)

where matrix Bt;j is de&ned in (A.1). Note some properties of matrix Bj; t−1:

Bj; t−1 = Lj−1Bj−1; t−1; j = t; : : : ; n;

Bj; t−1 = Bj;kBk+1; t−1; j = t; : : : ; n; k = t − 1; : : : ; j − 1;

Bj; t−1 = 0; j = 1; : : : ; t − 1: (A.5)
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The weights for rt−1 are obtained by

wj(rt−1) = wj(ut) + B′
t+1; t−1wj(ut+1) + B′

t+2; t−1wj(ut+2) + · · ·+ B′
T; t−1wj(uT );

for j = 1; : : : ; n. By substitution of (A.2), we obtain

wj(rt−1) = B′
j; t−1ZjF

−1
j

− [Utwj(at|t−1) + B′
t+1; t−1Ut+1wj(at+1|t) + · · ·+ B′

T; t−1UTwj(aT |T−1)]:

From (9) we have wj(at|t−1) = Bt;jKj and substitution leads to

wj(rt−1) = B′
j; t−1ZjF

−1
j − [UtBt; j + B′

t+1; t−1Ut+1Bt+1; j + · · ·+ B′
T; t−1UTBT;j]Kj:

Convenient expressions for wj(rt−1) can be obtained by using (29) for Nt−1 and using
the properties of Bj; t−1 in (A.5), we have

wj(rt−1) =




−Nt−1Bt;jKj; j = t − 1; t − 2; : : : ; 1;

ZtF−1
t − L′tNtKt ; j = t;

B′
j; t−1ZjF

−1
j − B′

j+1; t−1NjKj; j = t + 1; t + 2; : : : ; T:

Using de&nition Dj = F−1
j + K ′

jNjKj we further de&ne

Cj = Z ′
jF

−1
j − L′jNjKj = Z ′

jDj − T ′
j NjKj; j = t; t + 1; : : : ; T:

From the fact that Bj+1; t−1 = LjBj; t−1, we obtain &nally

wj(rt−1) =




−Nt−1Bt;jKj; j = t − 1; t − 2; : : : ; 1;

Ct ; j = t;

B′
j; t−1Cj; j = t + 1; t + 2; : : : ; T:

Step 2: For the state smoothing recursions (6) and (7), it can be shown that at|T is
the weighted average

at|T =
T∑

j=1

wj(at|T )yj:

The weights for at|T depend on the position of j with relation to t. For example, for
j¡ t we have

wj(at|T ) =wj(at|t−1) + Pt|t−1wj(rt−1)

= Bt;jKj − Pt|t−1Nt−1Bt;jKj

= (I − Pt|t−1Nt−1)Bt;jKj; j = t − 1; t − 2; : : : ; 1:
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It follows that the weights for the smoothed state vector at|T are given by

wj(at|T ) =




(I − Pt|t−1Nt−1)wj(at|t−1); j = t − 1; t − 2; : : : ; 1;

Pt|t−1Ct; j = t;

Pt|t−1B
′
j; t−1Cj; j = t + 1; t + 2; : : : ; T:

Note that wj(at|t−1) = 0 for j¿ t.
Evaluation of B′

j; t−1, for j = t + 1; t + 2; : : : ; T , can be done using the forwards
recursion (15) since it follows that

B′
j+1; t−1 = B′

j; t−1L
′
j; j = t + 1; : : : ; T;

and B′
t+1; t−1 = L′t . The matrix B∗

t; j in (15) for xt = at|T is de&ned as B∗
t; j = Pt|t−1B′

j; t−1,
for j = t + 1; : : : ; T .
The weights for the smoothed estimator of the signal are given by wj(Ztat|T ) =

Ztwj(at|T ), for j = 1; : : : ; T . This leads to the following simpli&cation:

Ztat|T =
T∑

j=1

wj(ŷt|T )yj;

where

wj(Ztat|T ) =




GtG′
tC

′
t wj(at|t−1); j = t − 1; t − 2; : : : ; 1;

I − GtG′
tDt ; j = t;

GtG′
tK

′
t B

′
j; tCj; j = t + 1; t + 2; : : : ; T:

Note that Zt(I − Pt|t−1Nt−1) = GtG′
tC

′
t and ZtPt|t−1L′t = GtG′

tKt . Note also that Ztat|T
is the estimator of yt when it is missing.

Appendix B. Example programs

Listings of code written for the Ox programming language of Doornik (1998) are
given below. The programs make use of the SsfPack package which can be downloaded
from the Internet at www.ssfpack.com; for further details, see Koopman et al. (1999).
The code can be downloaded from http://staff.feweb.vu.nl/koopman/weights/.

B.1. Standard code for computing weights

#include < oxstd.h>
#include < packages=ssfpack=ssfpack.h>
main()
{

decl ct, loc, my, mphi, momega, q, r, mw, mw zo;

http://www.ssfpack.com
http://staff.feweb.vu.nl/koopman/weights/
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== data (zeroes with unity on position where weights are required)
ct=11; loc=5;
my=zeros(1,ct); my[0][loc]=1;

== local level model
mphi=< 1;1>; momega=unit(2);
q=0.01; r=0.0;
momega[0][0]=q; momega[1][0]=momega[0][1]=sqrt(q) * r;

== exact method
mw=SsfWeights(ST SMO, my, mphi, momega);
== zero one method
SsfMomentEst(ST SMO, & mw zo, my, mphi, momega);

== output
decl index=range(-5, 5);
println(index’ ~ mw’~ reverser(mw zo[:1][])’);
println(sumc(index’ ~ mw’~ reverser(mw zo[:1][])’));

}
Comments: (i) by replacing SMO with FIL the program computes the weights for

&ltering rather than for smoothing (note that in Ox indices for arrays start counting at
0, not 1); (ii) the functions SsfMomentEst and SsfWeights are from SsfPack.

B.2. Code for vector error-correction model weights

#include < oxstd.h>
#include < oxdraw.h>
#include < packages=ssfpack=ssfpack.h>

decl s idraw=0, s ct=400, s loc=200;
decl s mphi, s momega, s msigma, s op=ST PRED;

DrawVECM(const i, const j)
{

decl my=zeros(2,s ct); my[j][s loc-1]=1;
decl mw=SsfWeights(s op, my, s mphi, s momega, s msigma);
mw=cumulate(mw’)’;

decl d=mw[i][s loc-1]; if (i==j) d-=1.0;
println(" phi* ", i+1, " ", j+1, "=", d);

== graph for mw[i][]
}
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main()
{

== bivariate LL (common) model
s mphi=< 1,0;0,1;1,0;0,1>;
s momega=unit(4);
s momega[:1][:1]=< .4,.2;.2,.1>;
s msigma=10^ 9 * s momega[:1][:1]| 0;

DrawVECM(0,0); DrawVECM(0,1); DrawVECM(1,0); DrawVECM(1,1);
== show graphs

}
Comment: the Ox function cumulate() is used to compute the VECM matrices

de&ned in (25).
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